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Abstract
A quandle is a set with a self-distributive binary operation satisfying a certain condition. Here we
construct a monoid (a semi-group with the identity) associated with a quandle. This monoid has a
structure of a quandle, which contains the original quandle as a sub-quandle. We call it the enveloping
monoidal quandle. The purpose of this paper is to introduce the notion of the enveloping monoidal
quandle, and to investigate it.
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1. Introduction
A quandle is a set with a self-distributive binary operation satisfying a certain condition.
Fenn and Rourke constructed two kinds of groups associated with a quandle, called the
associated group and the operator group. They abstract group structures from the quandle.
For example, the associated group of the fundamental quandle of an n-dimensional link is
the link group.
In this paper, we construct a monoid (a semi-group with the identity) associated with
a quandle. This monoid also has a structure of a quandle, which contains the original
quandle as a sub-quandle. We call it the enveloping monoidal quandle. The enveloping
monoidal quandle for a conjugation quandle of a group corresponds to the monoid of the
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group monodromies, and study of this object is expected to be helpful for study of various
group monodromies, e.g., braid monodromies of braided surfaces, braid monodromies of
algebraic curves, mapping class monodromies of Lefschetz fibrations of 4-manifolds, etc.
The purpose of this paper is to introduce the notion of the enveloping monoidal quandle,
and to investigate it.
2. Associated groups and operator groups
A quandle, X, is a set with a binary operation (a, b) → a ∗ b such that
(I) For any a ∈ X, a ∗ a = a.
(II) For any a, b ∈ X, there is a unique c ∈ X such that c ∗ b = a.
(III) For any a, b, c ∈ X, we have (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c).
A rack is a set with a binary operation that satisfies (II) and (III). Racks and quandles
have been studied in, for example, [3,5,6,9,16,19,26].
By axiom (II), for each element b ∈ X, the mapping
Sb :X → X, a → a ∗ b = (a)Sb
is a bijection. By axiom (III), this mapping is a homomorphism, i.e.,
(x ∗ y)Sb = (x)Sb ∗ (y)Sb. (1)
Thus, Sb is an automorphism of X.
Let F(X) be the free group generated by the elements of X. For an element x of X and
an element w = xε11 xε22 · · ·xεkk of F(X), we denote by xw the element of X expressed by
(x)Sε1x1S
ε2
x2
· · ·Sεkxk .
Under this notation, ab is the element a ∗b ∈ X, and ab−1 is the unique element c ∈ X with
c ∗ b = a for a, b ∈ X. It is obvious that
xuv = (xu)v for x ∈ X and u,v ∈ F(X). (2)
By axiom (III) (or Eq. (1)), we have
(
xy
)u = (xu)(yu) for x, y ∈ X and u ∈ F(X). (3)
The free group F(X) acts on X from the right as automorphisms;
x
w−→ xw for x ∈ X and w ∈ F(X). (4)
We assume that xyu stands for x(yu) for x, y ∈ X and u ∈ F(X). Eq. (3) is expressed as
xyu = xuyu for x, y ∈ X and u ∈ F(X). (5)
The associated group, As(X), is defined by the free group F(X) modulo the normal
subgroup K generated by the elements (xy)−1y−1xy for all x, y ∈ X. It has a group
presentation
〈
x (x ∈ X) | xy = y−1xy (x, y ∈ X)〉. (6)
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The composition of the inclusion map X → F(X) and the projection map F(X) → As(X)
is called the natural map and denoted by
η :X → As(X).
The operator group, Op(X), is defined by the free group F(X) modulo the normal
subgroup N generated by the elements u ∈ F(X) such that xu = x for every x ∈ X.
By Eq. (5), the normal subgroup K is contained in N , and there is a natural projection
map
π : As(X) → Op(X).
The action of the free group F(X) on X factors through the action of the operator group
Op(X) on X;
x
w−→ xw for x ∈ X and w ∈ Op(X). (7)
A group G with a binary operation (a, b) → b−1ab is a quandle, which is called the
conjugation quandle of the group G. It is denoted by Gconj.
Proposition 1 (Universal Property of the Associated Group, [6]). For any group G and any
quandle homomorphism f :X → Gconj = G, there exists a unique group homomorphism
g : As(X) → G such that
f = g ◦ η :X → G. (8)
3. Enveloping monoidal quandles
For a quandle X, let FS(X) denote the free monoid (semi-group with the identity
element) generated by the elements of X; namely, any element of FS(X) is a word
x1x2 · · ·xk consisting of elements of X for some k ∈ N or the empty word denoted by 1,
and the product is the concatenation of words.
Definition 2. Slide equivalence is the equivalence relation on the free monoid FS(X)
generated by
uxyv ∼ uyxyv for x, y ∈ X and u,v ∈ FS(X). (9)
We define the set S(X) by
S(X) = FS(X)/∼.
The slide equivalence class [u] ∈ S(X) represented by a word u ∈ FS(X) is often
abbreviated to u if it is clear in context.
The set S(X) is a monoid by the concatenation product (u, v) → uv. In other words,
S(X) is a monoid determined by a presentation
〈
x (x ∈ X) | xy = yxy (x, y ∈ X)〉. (10)
In this section, we introduce a quandle structure to S(X).
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The natural monoid homomorphism FS(X) → F(X) induces a monoid homomorphism
κ :S(X) → As(X),
since xy = yxy in As(X) for x, y ∈ X. Combining the projection map π : As(X) → Op(X),
we have a monoid homomorphism
τ :S(X) → Op(X).
We usually abbreviate the symbols κ(u) and τ (u) to u, unless any confusion occurs.
For two elements u = x1 · · ·xk and v = y1 · · ·yj of FS(X), we define an element
uv ∈ FS(X) by
uv = xv1 · · ·xvk (11)
= xy1···yj1 · · ·x
y1···yj
k . (12)
Lemma 3. Let u,u′, v and v′ be elements of FS(X). If u ∼ u′ and v ∼ v′, then uv ∼ u′v′ ,
where ∼ means slide equivalence. Hence, for elements u and v of S(X), the element uv of
S(X) is well-defined.
Proof. If v ∼ v′, then τ (v) = τ (v′) in Op(X). Thus uv = uv′ in FS(X). It is sufficient to
prove uv ∼ u′v for u = u1xyu2 and u′ = u1yxyu2. This is verified as follows:
(u1xyu2)
v = uv1xvyvuv2
∼ uv1yv
(
xv
)yv
uv2
= uv1yv
(
xy
)v
uv2 (by Eq. (3))
= (u1yxyu2
)v in FS(X).  (13)
The mapping
S(X) × S(X) → S(X), (u, v) → uv (14)
defined above is interpreted as follows:
For u ∈ S(X) and w ∈ Op(X), we define the element uw of S(X) to be the element
represented by xw1 · · ·xwk , where x1 · · ·xk ∈ FS(X) is a representative of u. This is well-
defined, since
xwyw ∼ yw(xw)(yw) = yw(xy)w in FS(X) for x, y ∈ X and w ∈ Op(X). (15)
Note that
(uv)w = uwvw, uw1w2 = (uw1)w2, u1 = u, (16)
where u,v ∈ S(X) and w,w1,w2 ∈ Op(X), and 1 is the identity element of Op(X).
Thus the operator group Op(X) of X acts on S(X) from the right as monoid
automorphisms by
u
w→ uw for u ∈ S(X) and w ∈ Op(X). (17)
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This is called the natural action of Op(X) on the monoid S(X). The monoid S(X) acts on
itself from the right by
u
w→ uw = uτ(w) for u ∈ S(X) and w ∈ S(X). (18)
Proposition 4. For any u,v,w ∈ S(X), the following equalities hold:
(uv)w = uwvw, uvw = (uv)w (19)
and
uv = vuv. (20)
Proof. The first two equalities are obvious by definition. We show the last one. Let u and
v be represented by x1 · · ·xk and y1 · · ·yj , where x1, . . . , xk, y1, . . . , yj ∈ X.
vuv = y1 · · ·yj (x1 · · ·xk)y1···yj
= y1 · · ·yj
(
x
y1···yj−1
1
)yj (x
y1···yj−1
2
)yj · · · (xy1···yj−1k
)yj
= y1 · · ·yj−1
(
x
y1···yj−1
1
)(
x
y1···yj−1
2
) · · · (xy1···yj−1k
)
yj
= · · ·
= x1x2 · · ·xky1 · · ·yj
= uv. 
Theorem 5. The set S(X) endowed with the binary operation (u, v) → uv is a quandle.
Proof. First, we show axiom (II). For u,v ∈ S(X), let w ∈ S(X) be uv−1 , where v−1 is
regarded as an element of Op(X). Then
wv = (uv−1)v = uv−1v = u1 = u.
If wv1 = wv2 , then (wv1)v
−1 = (wv2)v
−1
and we have w1 = w2. Thus axiom (II) is satisfied.
For axiom (III), let u,v,w ∈ S(X). By Eq. (20), we have
(
uv
)w = uvw = uwvw = (uw)(vw).
Using axiom (I) for X, we have axiom (I) for S(X) as follows. For u = x1x2 · · ·xk ∈
S(X),
u = x1x2 · · ·xk
= xk(x1x2 · · ·xk−1)xk
= (xkx1x2 · · ·xk−1)xk
= (xk−1xkx1 · · ·xk−2)xk−1xk
= · · ·
= (x1x2 · · ·xk)x1x2···xk .  (21)
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Definition 6. The enveloping monoidal quandle of a quandle X is the set S(X) = FS(X)/∼
endowed with the monoid structure defined by the concatenation product (u, v) → uv and
with the quandle structure defined by the binary operation (u, v) → uv stated in Theorem 5.
The natural map ι :X → S(X) is the composition of the inclusion map X → FS(X) and
the projection FS(X) → S(X).
The natural map ι :X → S(X) is a quandle homomorphism and it is injective. Thus,
we can regard X as a sub-quandle of S(X). The injectivity is seen as follows. The image
of the inclusion X → FS(X) consists of the words of length one. Slide equivalence does
not transform them, and hence ι is injective. The restriction of the quandle structure to the
word-length one elements of S(X) is, by definition, equal to the structure of X.
Remark 7. We can define S(X) for a rack. In this case, S(X) has a monoid structure
and a rack structure. The original rack X is a sub-rack of S(X). We call it the enveloping
monoidal rack of X.
Let Autmq(S(X)) denote the group of monoidal quandle automorphisms of S(X) acting
from the right: Any element f ∈ Autmq(S(X)) is a bijection such that
(uv)f = uf vf and (uv)f = (uf )vf for u,v ∈ S(X), (22)
and the product fg ∈ Autmq(S(X)) is defined by ufg = (uf )g . The natural action of the
operator group Op(X) on S(X), (u,w) → uw , is monoidal quandle automorphisms of
S(X). Thus we have a homomorphism
Op(X) → Autmq(S(X)), w → (u → uw). (23)
Let κ :S(X) → As(X) be the natural map as before. Then the natural map η :X →
As(X) is equal to the composition of the natural map ι :X → S(X) and κ :S(X) → As(X).
Moreover we have the following.
Lemma 8. For u,v ∈ S(X), we have
κ(uv) = κ(u)κ(v) (24)
and
κ
(
uv
) = κ(v)−1κ(u)κ(v) in As(X). (25)
Proof. The former is obvious by definition. We show the latter by induction on the sum of
|u| + |v|, where | · | means the word-length. If |u| + |v|  2, then Eq. (25) holds, cf. [6].
For n > 2, suppose that Eq. (25) holds for any u,v with |u| + |v| < n. We show Eq. (25)
when |u| + |v| = n.
Suppose that u = u1x for u1 ∈ S(X), x ∈ X. Then
κ
(
uv
) = κ(uv1xv
)
= κ(uv1
)
κ
(
xv
)
= κ(v)−1κ(u1)κ(v)κ(v)−1κ(x)κ(v)
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= κ(v)−1κ(u1x)κ(v)
= κ(v)−1κ(u)κ(v).
Suppose that v = v1y for v1 ∈ S(X), y ∈ X. Then
κ
(
uv
) = κ((uv1)y)
= κ(y)−1κ(uv1)κ(y)
= κ(y)−1κ(v1)−1κ(u)κ(v1)κ(y)
= κ(v)−1κ(u)κ(v). 
In general, for a semi-group S, let us call a group G equipped with a semi-group
homomorphism i :S → G a Grothendieck group of S if it has the following universal
property:
For any group H and any semi-group homomorphism f :S → H , there exists a unique
group homomorphism f˜ :G → H such that f = f˜ ◦ i .
Such a group G with i :S → G is unique up to isomorphism. A Grothendieck group exists:
(Grothendieck Construction) Let GS be a group with a group presentation
GS =
〈
ex(x ∈ S) | exey = exy (x, y ∈ S)
〉 (26)
and let i :S → GS be the semi-group homomorphism sending x → ex . Then GS equipped
with i has the universal property.
Proposition 9. The associated group As(X) of X with the natural map κ :S(X) → As(X)
is a Grothendieck group of the monoid S(X).
Proof. Let GS(X) be the Grothendieck group as in Eq. (26) equipped with a homomor-
phism i :S(X) → GS(X); u → eu. Recall that the natural map κ :S(X) → As(X) is a semi-
group homomorphism. By the universal property of GS(X), there is a unique group homo-
morphism
κ˜ :GS(X) → As(X) (27)
such that κ = κ˜ ◦ i . Thus
η = κ ◦ ι = κ˜ ◦ i ◦ ι :X → As(X). (28)
On the other hand, the map
i ◦ ι :X → S(X) → GS(X) = (GS(X))conj (29)
is a quandle homomorphism. (In fact, xy = yxy in S(X) implies that exey = eyexy and
hence, exy = e−1y exey in GS(X).) Therefore, by the universal property of the associated
group As(X), there is a group homomorphism f : As(X) → GS(X) such that
f ◦ η = i ◦ ι :X → GS(X). (30)
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Thenη = κ˜ ◦ i ◦ ι = κ˜ ◦ f ◦ η :X → As(X). (31)
Since As(X) is generated by the image of η, we have that
κ˜ ◦ f = id : As(X) → As(X). (32)
On the other hand,
i ◦ ι = f ◦ η = f ◦ κ˜ ◦ i ◦ ι :X → GS(X). (33)
Since GS(X) is generated by the image of i ◦ ι, we have that
f ◦ κ˜ = id :GS(X) → GS(X). (34)
The Grothendieck group GS(X) equipped with i :S(X) → GS(X) is isomorphic to the
associated group As(X) equipped with κ :S(X) → As(X) by κ˜ . 
Remark 10. We say that two element u,v ∈ FS(X) are operator equivalent if xu = xv for
all x ∈ X. The set of the operator equivalence classes forms a monoid by the concatenation
product. We call it the operator monoid of X and denote it by OS(X). There is a
commutative diagram of natural maps,
FS(X) S(X)
κ
OS(X) Aut(X)
id
F(X) As(X) π Op(X) Aut(X)
(35)
where arrows in the top row and vertical arrows are monoid homomorphisms and arrows
in the bottom row are group homomorphisms.
Remark 11. An augmented quandle is a quandle X endowed with a group G, a map
∂ :X → G and a group homomorphism G → Aut(X) such that the composition X →
G → Aut(X) is equal to the natural map X → Op(X) ⊂ Aut(X) and ∂(xg) = g−1∂(x)g
in G for any x ∈ X and g ∈ G. The map ∂ is called an augmentation map. Although it is
denoted by the symbol ε in [9], we here use the symbol ∂ according to [6], which fits to
our later use. For an augmented quandle X, the enveloping monoidal quandle S(X) is an
augmented quandle as follows: Using ∂ :X → G, we define a map
∂ : FS(X) → G, x1 · · ·xn → ∂(x1) · · ·∂(xn). (36)
This map induces a well-defined map
∂ :S(X) → G, [x1 · · ·xn] → ∂(x1) · · ·∂(xn). (37)
Define a homomorphism G → AutS(X) by
[x1 · · ·xn]g =
[
x
g
1 · · ·xgn
]
. (38)
Then S(X) is an augmented quandle.
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4. Admissible quandles and centers of S(X)Definition 12. A quandle (or a rack) X is admissible if the natural map η :X → As(X) is
injective.
Remark 13. A quandle or a rack X is admissible if and only if X can be embedded in
the conjugation quandle of a group. This fact is easily seen by the universal property of the
associated group. Consequently, an admissible rack is a quandle.
Remark 14. The natural map κ :S(X) → As(X) is not necessarily injective even if X is
admissible.
Definition 15. The center of the enveloping monoidal quandle S(X) is the center of S(X)
as a monoid; namely, it consists of elements v of S(X) such that uv = vu for all u ∈ S(X).
We denote it by CenterS(X).
Proposition 16. Let τ :S(X) → Op(X) be the natural map. If X is admissible, then
CenterS(X) = ker τ. (39)
Proof. First we prove that ker τ ⊂ CenterS(X). This is true without the hypothesis that X
is admissible. Let v ∈ kerτ . Then xv = x for all x ∈ X. For u = x1 · · ·xk ∈ S(X), we have
uv = xv1 · · ·xvk = x1 · · ·xk = u in S(X). (40)
By Eq. (20), we have
uv = vuv = vu in S(X).
Thus we have kerτ ⊂ CenterS(X).
We prove that CenterS(X) ⊂ kerτ . Let v ∈ CenterS(X). Then
xv = vx in S(X) for all x ∈ X ⊂ S(X). (41)
Sending this equality by the map κ :S(X) → As(X),
xv = vx in As(X) for all x ∈ X, (42)
where we abbreviate κ(v) to v and κ(x) to x as usual. Then
x = v−1xv = xv in As(X) for all x ∈ X. (43)
Since X is admissible, we have that
x = xv in X for all x ∈ X. (44)
Thus v ∈ ker τ . 
Lemma 17.
ker τ = ker[S(X) → Op(S(X))], (45)
where S(X) → Op(S(X)) is the natural map from the quandle S(X) to its operator group.
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Proof. Let v ∈ ker τ . By Eq. (40), we have that v ∈ ker[S(X) → Op(S(X))]. Conversely,
if v ∈ ker[S(X) → Op(S(X))], then uv = u in S(X) for any u ∈ S(X). In particular, xv = x
for x ∈ X. Thus v ∈ kerτ . 
Proposition 18. Let X be admissible. If x1x2 · · ·xk ∈ CenterS(X), then
x1x2 · · ·xk = x2 · · ·xkx1 in S(X) (cyclic permutation). (46)
Proof. By Proposition 16, CenterS(X) = kerτ . Hence,
x1x2 · · ·xk = x2 · · ·xkxx2···xk1
= x2 · · ·xkxx1x2···xk1
= x2 · · ·xkx1 in S(X). 
Definition 19. Let w ∈ S(X) be represented by x1 · · ·xk ∈ FS(X). The characteristic
group of w ∈ S(X), denoted by Ch(w), is the subgroup of Op(X) generated by
{x1, . . . , xk}.
Proposition 20. The characteristic group Ch(w) for w ∈ S(X) is well-defined.
Proof. For x, y ∈ X, the subgroup of Op(X) generated by {x, y} is equal to the subgroup
generated by {xy(= y−1xy), y}. Thus, if x1 · · ·xk is slide equivalent to y1 · · ·yk , then
the subgroup of Op(X) generated by {x1, . . . , xk} is equal to the subgroup generated by
{y1, . . . , yk}. 
Lemma 21. Let X be admissible. For w ∈ CenterS(X), we have
wv = w in S(X) for any v ∈ Ch(w). (47)
Proof. Let x1 · · ·xk ∈ FS(X) be a representative of w. It is sufficient to prove that
wxi = w in S(X) for i = 1,2, . . . , k. (48)
Since w ∈ CenterS(X), by Proposition 16 and Lemma 17, we have w = 1 in Op(S(X)).
Then wxi = 1 in Op(S(X)) and hence wxi ∈ CenterS(X). Thus, if wxi is represented
by y1 · · ·yk for y1, . . . , yk ∈ X, then y1 · · ·yk = yky1 · · ·yk−1 (cyclic permutation) by
Proposition 18.
Now we prove wxi = w.
wxi = (x1 · · ·xi−1)xi xxii (xi+1 · · ·xk)xi
= (x1 · · ·xi−1)xi xi(xi+1 · · ·xk)xi
= (x1 · · ·xi−1)xi (xi+1 · · ·xk)xi
= xi(x1 · · ·xi−1)xi (xi+1 · · ·xk) (cyclic permutation)
= (x1 · · ·xi−1)xi(xi+1 · · ·xk)
= w. 
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Lemma 22. Let X be admissible, and let S be a generating set, as a quandle, of X. An
element w ∈ S(X) belongs to CenterS(X) = ker τ if and only if
xw = wx in S(X) for each x ∈ S. (49)
This lemma is not trivial, because S(X) is not generated by S as a monoid.
Proof. The only if part is trivial. We show the if part. Sending Eq. (49) to As(X), we have
xw = wx in As(X) and hence xw = w−1xw = x in As(X) for each x ∈ S . Since X is
admissible, we have xw = x in X for each x ∈ S . Therefore
xw = x in X for each x ∈ X, (50)
and hence w ∈ ker τ . 
5. Enveloping monoidal quandles and monodromies
Some monodromies appearing in geometric topology are related to enveloping
monoidal quandles. In this section, we give an interpretation on braid monodromies of
braided surfaces [12,14,23,24] in terms of enveloping monoidal quandles. Braid mon-
odromies of algebraic curves [4,20–22] and mapping class monodromies of Lefschetz
fibrations of 4-manifolds [7,17,25] will be discussed elsewhere. Another kind of inter-
pretation on these monodromies in terms of quandles is given by Yetter [28,29].
In this section, we denote by (x1, . . . , xn) an element x1 · · ·xn of word-length n of
FS(X), and by [x1, . . . , xn] ∈ S(X) its slide equivalence class.
A braided surface of degree m is a (PL and locally flat, or smooth) compact oriented
surface S embedded in a bi-disk D21 ×D22 such that pr2 |S :S → D22 is a branched covering
map of degree m and pr1(∂S) ⊂ intD21 , where pri :D21 × D22 → D2i is the projection
to the ith factor. It is said to be pointed if there is a specified point y0 ∈ ∂D22 and if
pr1(S∩pr−12 (y0)) = z0, where z0 is a base point of the configuration space Cm of m interior
points of D21 . (The braid group Bm is identified with the fundamental group π1(Cm, z0),
cf. [1,2].) Two pointed braided surfaces are equivalent if they are ambiently isotopic by
a fiber-preserving ambient isotopy of D21 × D22 relative to the fiber pr−12 (y0) over y0,
where we regard D21 × D22 as a trivial D21-bundle over D22 . Using boundary connected
sum of the pointed base space (D22 , y0), we can define the product of two pointed braided
surfaces of the same degree, which is uniquely determined up to equivalence. Then the set
of equivalence classes of the pointed braided surfaces of degree m forms a monoid, which
we call the monoid of braided surfaces of degree m and which we denote by Bm. Refer to
[12,14,23,24] for details.
A (pointed) simple braided surface is a (pointed) braided surface S such that the
associated branched covering map pr2 |S :S → D22 is simple (cf. [14,23,24]). The monoid
of simple braided surfaces of degree m, denoted by SimpleBm, is a submonoid of Bm
consisting of all equivalence classes of pointed simple braided surfaces.
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For a pointed braided surface S, let ΣS be the set of branch points in D2. The braid2
monodromy (representation) is a homomorphism
ρS :π1
(
D22 \ ΣS,y0
) → Bm = π1(Cm, z0) (51)
defined by ρS([c]) = [ρS(c)] where c is a loop in D22 and ρS(c) is a loop in Cm such that
ρS(c)(t) = pr1
(
S ∩ pr−12
(
c(t)
)) ∈ Cm for t ∈ [0,1]. (52)
It is known that pointed braided surfaces S and S′ are equivalent if and only if their braid
monodromies ρS and ρS ′ are equivalent, i.e., there is a homeomorphism g : (D22 \ ΣS) →
(D22 \ ΣS ′) relative to ∂D22 such that ρS = ρS ′ ◦ g∗, cf. [12,14,23,24]. We call this fact the
monodromy principle for braided surfaces.
By a Hurwitz arc system A = (a1, . . . , an) for ΣS (where n = 
(ΣS)), we mean an
ordered set of n simple arcs in D22 such that (i) ai ∩ aj = {y0} for i < j , (ii) for each i
(i = 1, . . . , n), ∂ai = {y0, yi} for some point yi of ΣS , and (iii) a1, . . . , an are ordered in
the positive direction around y0. For each i (i = 1, . . . , n), let ci be a loop in D22 \ ΣS
with base point y0 such that it runs along ai , goes around yi in the positive direction
and returns along ai . A braid system of S is the ordered set (ρS([c1]), . . . , ρS([cn]))
consisting of n elements of Bm. We regard it as an element (of word-length n) of the
free monoid FS((Bm)conj). When S is a simple braided surface, a braid system is called a
band representation in [23,24].
Let Am be a subset of the braid group Bm consisting of all elements that can appear as
a local monodromy of a braided surface, see [12]. Obviously it is closed under conjugation
in Bm and it is assumed to be a quandle contained in (Bm)conj.
Proposition 23 (Cf. [12,23]). Let Am be the quandle as above. A map sending a pointed
braided surface of degree m to its braid system induces a well-defined bijective map µ from
the set of equivalence classes of pointed braided surfaces of degree m with n branch points
to the subset of S(Am) consisting of the elements of word-length n. Moreover, it yields a
monoid isomorphism
µ :Bm → S(Am)
from the monoid of braided surfaces of degree m to the monoid S(Am).
Proof. The former assertion is proved in [23] for simple braided surfaces and in [12]
for non-simple ones by using the monodromy principle for braided surfaces. The second
assertion is obtained from the former, since the product S ·S′ of S and S′ in Bm corresponds
to the concatenation of the braid systems of S and S′; namely, if µ(S) = [b1, . . . , bn] and
µ(S′) = [b′1, . . . , b′n′ ], then
µ
(
S · S′) = µ(S) · µ(S′) = [b1, . . . , bn, b′1, . . . , b′n′
]
.  (53)
Now we regard the monoid Bm as a quandle by using the quandle structure of the
enveloping monoidal quandle S(Am) via the isomorphism µ: For S and S′ ∈ Bm, we define
S ∗ S′ ∈ Bm by
S ∗ S′ = µ−1(µ(S) ∗ µ(S′)). (54)
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If µ(S) = [b1, . . . , bn] and µ(S′) = [b′1, . . . , b′n′ ], then by definition, we have
µ
(
S ∗ S′) = µ(S) ∗ µ(S′) = [bb′1···b′n′1 , . . . , bb
′
1···b′n′
n
]
. (55)
Let us define a monoid homomorphism
∂ :Bm → Bm (56)
by sending a pointed braided surface S to the braid ρS([∂D22]) ∈ Bm. (We use the symbol
∂S for the boundary of S. Then ∂S is a closed braid in the solid torus D21 × (∂D22) which
is a closure of the braid ∂(S).) When S has a braid system (b1, . . . , bn), the element ∂(S)
is the product b1 · · ·bn ∈ Bm.
Via the monoidal quandle isomorphism µ :Bm → S(Am), the monoid homomorphism
∂ :Bm → Bm corresponds to a monoid homomorphism
∂ :S(Am) → Bm (57)
which sends [b1, . . . , bn] to b1 · · ·bn ∈ Bm. This map is also a quandle homomorphism,
when we regard Bm as the conjugation quandle (Bm)conj.
For b ∈ Bm and u = [b1, . . . , bn] ∈ S(Am), we define an element ub ∈ S(Am) by
ub = [bb1, . . . , bbn
] = [b−1b1b, . . . , b−1bnb
] ∈ S(Am). (58)
Then
(uv)b = ubvb, (uv)b = (ub)vb , ub1b2 = (ub1)b2, u1 = u, (59)
where u,v ∈ S(Am) and b1, b2 ∈ Bm and 1 is the identity element of Bm. Thus we have a
homomorphism
Bm → Autmq
(
S(Am)
) ⊂ Aut(S(Am)
) (60)
sending b ∈ Bm to a quandle automorphism b :S(Am) → S(Am), u → ub .
Lemma 24. The monoidal quandle S(Am) endowed with the map ∂ :S(Am) → Bm and the
homomorphism Bm → Aut(S(Am)) is an augmented quandle.
Proof. It follows by a direct calculation. 
By this lemma, via the isomorphism µ :Bm → S(Am), the monoid of braided surfaces,
Bm, has a structure of an augmented quandle with the augmentation map ∂ :Bm → Bm
mapping S to ∂(S).
Proposition 25. The center of the monoidBm precisely consists of (the equivalence classes
of) pointed braided surfaces S such that ∂(S) are in the center of the braid group Bm.
Proof. Let S be a pointed braided surface whose equivalence class, also denoted by S,
is central in the monoid Bm. Since Am contains standard generators σ1, . . . , σm−1 of Bm
(cf. [12,23,24]), the image of ∂ :Bm → Bm contains the standard generators. Thus, ∂(S)
must be in the center of Bm. Conversely, suppose that S is a pointed braided surface with
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central ∂(S). Then for any pointed braided surface S′, we have S′ ∗S = S′ by Eq. (55) in the
quandleBm ∼= S(Am). Thus µ(S) is in the kernel of the natural map S(Am) → Op(S(Am)).
Since Am is an admissible quandle (cf. Remark 13), by Proposition 16 and Lemma 17, we
see that µ(S) is in the center of S(Am). Thus S is in the center of the monoid Bm. 
Let A(1)m be the subset of the braid group Bm consisting of all conjugates (in Bm) of
the standard generators, and let A(−1)m be the subset of Bm consisting of all conjugates (in
Bm) of the inverses of the standard generators. The sets A(1)m , A(−1)m and A(1)m ∪ A(−1)m
are regarded as sub-quandles of the conjugation quandle (Bm)conj and hence they are
admissible quandles. Any local monodromy of a simple braided surface is an element of
A
(1)
m ∪ A(−1)m and conversely any element of A(1)m ∪ A(−1)m appears as a local monodromy
of some simple braided surface. Thus, by the same reason of Propositions 23 and 25, we
have the following.
Proposition 26 (Cf. [12,14,23,24]). A map sending a pointed, simple braided surface
of degree m to its braid system induces a well-defined bijective map µ from the set of
equivalence classes of pointed, simple braided surfaces of degree m with n branch points
to the subset of S(A(1)m ∪ A(−1)m ) consisting of the elements of word-length n. Moreover, it
yields a monoid isomorphism
µ : SimpleBm → S
(
A(1)m ∪ A(−1)m
)
.
Proposition 27. The center of the monoid SimpleBm precisely consists of the classes of
pointed, simple braided surfaces S such that the boundary braids ∂(S) are in the center of
the braid group Bm.
A (simple) 2-dimensional braid is a (simple) braided surface S such that the boundary
∂S is the trivial closed braid Xm × ∂D22 , cf. [10,11,14,27]. The set of equivalence classes
of 2-dimensional braids of degree m forms a submonoid of Bm, which we denote by
B∂=1m . The set of equivalence classes of simple 2-dimensional braids of degree m forms
a submonoid, denoted by SimpleB∂=1m .
Let S(Am)∂=1 denote the submonoid of S(Am) consisting of elements [b1, . . . , bn] with
b1 · · ·bn = 1 in Bm. In other words, S(Am)∂=1 is the kernel of the map ∂ :S(Am) → Bm.
The intersection of S(A(1)m ∪A(−1)m ) and S(Am)∂=1 is denoted by S(A(1)m ∪ A(−1)m )∂=1.
Proposition 28 [12,23,24]. There are monoid isomorphisms
µ :B∂=1m → S(Am)∂=1
and
µ : SimpleB∂=1m → S
(
A(1)m ∪ A(−1)m
)∂=1
.
Remark 29. In this section, we considered braid monodromies of (embedded) braided
surfaces. For generically immersed braided surfaces, called nodal and simple braided
surfaces in [23] or simple singular braided surfaces in [14], we need to use the quandle
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A
(1)
m ∪ A(−1)m ∪ A(2)m ∪ A(−2)m ⊂ (Bm)conj, where A(2)m consists of all conjugates of squaresof standard generators, and A(−2)m consists of their inverse elements. Elements of A(2)m and
A
(−2)
m correspond to nodes (or transverse double points) of immersed braided surfaces. For
braid monodromies of algebraic curves [20,21], we need to use the quandle A(1)m ∪ A(2)m ∪
A
(3)
m ⊂ (Bm)conj, where A(3)m consists of all conjugates of cubes of standard generators.
Elements of A(3)m correspond to cusps. These quandles A(k)m (k ∈ Z) correspond to the
quandles of weighted cords. This idea was introduced by the first author in [13] and by
Yetter in [29]. A special case, k = 1, is investigated in [8,15,18].
In this section, we observed how to relate braid monodromies of braided surfaces to
the enveloping monoidal quandle S(Am). Proposition 25 can be also proved directly by a
geometric argument. However, once we established the relationship between the monoid
Bm of braided surfaces and the monoidal quandle S(Am), we obtain a proof by a simple
algebraic argument as given here. Our ultimate goal is a complete classification of braided
surfaces, 2-dimensional braids, algebraic curves, and Lefschetz fibrations of 4-manifolds,
etc. Then we need to investigate their monodromies. The enveloping monoidal quandles
might be great help to us.
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